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Abstract 

A model forced diffusion equation is solved for the orientation of cylindrical biopolymers including the 
configuration of the counterions. The result is used to predict the dielectric relaxation and dynamical Kerr 
effect of a DNA oligomer for which experimental data appear in the literature. The significant advance in the 
formalism is the elimination of the counterion condensation assumption. A result is an improved fit of the 
model prediction to the experimental data. However, discrepancies persist at short times. 
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1. Introduction 

The motion of charged species near the surface of natural polyelectrolytes is an integral part of the 
dynamic biological function of the polymer. An example is the regulation of gene expression of DNA. 
This motion can be probed via interaction of the charges of the biopolymer assembly with external 
electric fields. The linear and quadratic responses determine the dielectric relaxation and Kerr effect, 
respectively. 

A microscopic model formalism for the dynamical response in cylindrical geometry was set forth 
previously in paper VI [l] of this series. Statistical mechanics was used to relate the microscopic picture 
to the macroscopic observables. The model adopted the counterion condensation viewpoint in which one 
presumes that a (known) fraction of the counterions are constrained by electrostatic forces to the surface 
of the polyelectrolyte. The model thereby acquires a dynamical parameter, the “surface diffusion 
constant” of a counterion, that is determined by fitting the observed experimental data to the model 
prediction. Two other parameters should be incorporated. They describe the rate at which condensed 
counterions exchange with the remaining counterions in the “bulk phase”. These parameters enter via 
the boundary conditions at the surface-bulk interface and are difficult to introduce in a physically 
appealing manner [2] (paper I of this series). An additional reason for fealing uneasy with the formalism 
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is that the experimentally observed dynamic Kerr effect for DNA exhibits a spread out response in time, 
whereas the model prediction is a dominant single exponential mode that leads to a relatively narrow 
response in time (see in particular the reversing electric field data shown in Fig. 3 of ref. [12]). The 
difference appears to be attributable to the condensation picture. In this work the surface constraint is 
eliminated. All counterions are treated equivalently and they are allowed to move in a (large) cylindrical 
annulus (cell model) [131 with a length corresponding to that of the polyelectrolyte rod and an inner 
surface corresponding to the surface of the rod. A consequence of this step is that the surface diffusion 
constant vanishes from the formalism. The fixed charges on the biopolymer play an intimate role in 
determining the dynamical behavior instead of just being a cause for drawing counterions to the rod 
surface. The surface-bulk phase boundary is eliminated and the only dynamical parameters of the model 
are the bulk diffusion coefficient of a counterion and the components of the rotational diffusion tensor 
of the rod. The bottom line is that allowing motion of the counterions in the radial direction leads to 
significant dipole moment components in the r- as well as z-direction of the cylinder geometry and 
produces additional modes supressed previously by the surface constraint. 

2. The joint conditional probability density 

To compute any time dependent system property in the configuration space of the rod and 
counterions, we need the joint conditional probability density, P, of finding a molecule (with cylindrical 
symmetry) with orientation (Euler angles) 0, rJ and counterion co-ordinates (~~1, (zi), (r&I given the initial 
state 8’, 4’, {rJ, (zl), {#}. With the model picture of rotational diffusion of the molecule and (forced) 
diffusion of the counterions we write 

ap 
-=V;DRVUP+D3~Vj2P+ 

1 

at 
-V,, + D,.PV,V+ 

I kJ 

In eq. (1) the first term on the right-hand side describes the anisotropic rotational diffusion of the rod. 
D, is the (diagonal) rotation diffusion tensor with components D l.iX D JY and D ,,& in the molecule 
fixed co-ordinate system. D I describes diffusion involving motion of the symmetry axis and D I motion 
around the symmetry axis. 0, is the rotation operator [3] Vi is the gradient operator [4]. Explicit 
expressions for the terms in eq. (1) in the configuration space variable set are shown in the Appendix. 

The second term describes the free diffusion (diffusion constant Da) of the counterions in bulk. The 
co-ordinate system describing the counterion diffusion is in a molecule fixed basis. We treat the 
polyion-counterion assembly as an extended molecule that diffuses (in 8, 4) as a whole. The alternative 
extreme that presumes only the cylindrical core undergoes rotational diffusion seems unphysical. 
Although the counterions are not covalently bound to the core, they feel the strong electrostatic 
attraction of the phosphate charges and tend to be imbedded in the first few layers of hydration. 
Diffusion of the counterions is pictured as a “jump and hold” mechanism where a (hydrated) counterion 
exchanges its coordinate with a solvent cluster. In effect we have ignored a potential coupling between 
the first two terms in eq. (1). This ansatz is a point of controversy and results from use of the primitive 
model. The solvent structure that stabilizes certain counterion configurations is not part of the 
microscopic picture. Hydrodynamic effects are also not treated. This is the price we pay for attempting a 
molecular as opposed to phenomenological formalism. Fortunately, the rotational diffusion of the 
cylinder does not contribute much to the relaxation rates that arise in the model calculation; the results 
would be similar if we assumed that the cylinder did not diffuse at all: in this case the question of 
molecule fixed versus space fixed co-ordinate systems for the surroundings would be moot. We 



WE. Sonnen ef al. / Biophys. Chem. 45 (1993) 201- 217 203 

emphasize that the extended molecule picture only applies to the first few hydration layers. However, 
virtually all the counterions are found in this region. 

The third term in eq. (1) deals with the role of an applied electric field in modifying the motion of the 
rod in space. 

The potential Ir is the interaction with the external field E plus the Coulomb repulsions of the 
counterions (V’) and the interactions of the counterions with fixed charges on the rod (If”). 

V= -E cos 8pz -E sin 0 sin r#~j~, - E sin 8 cos $pLy + V’+ V” (2) 

V’= Cl eL 
ti 477&&e 1 ri - rj I 

The double sum in V’ is over pairwise counterion interactions and is the Coulombic repulsion of the 
set of counterions in a continuous solvent of relative dielectric constant E. The expression for V” is 
similar (opposite sign) except it involves only a single sum over counterion positions. 

The dipole moment components are L!, is the rod length and e the magnitude of the electron charge) 

px =eCr, COS pi, py =eCr, sin pi, p,=eC(z&/2) 
i i i 

The final term in eq. (1) represents the role of the potential in modifying the motion of the 
counterions. 

Equation (1) is solved for P via a high-temperature expansion (powers of E/R,T). For boundary 
conditions we choose (alternatives were considered in paper IV of this series [5]): P(C)) = P(4 -t 2~); 
P(c#J~> = P(c#J~ + 2~); dP/dri = 0; r, = r1 or r2 (r, and rz are the boundaries of a cell in which the 
counterions move); aP/d,q = 0, zi = 0 or L (no flux of probability density at the ends of the cylindrical 
annulus comprising the cell). 

P can be expanded in a complete set of functions which satisfy the boundary conditions. 

P= c amp; .” y ,,ncosT!p exP(in:~i)l,;,:(0,:k:ri) (5) 
hh:,n:,k:) i 

The YLm are spherical harmonics, the nr: are non-negative integers, and the n: are integers. The L,!,! 
are linear combinations of Bessel functions of the first and second kind [6] (see Appendix). The 
coefficients in the linear combination and the partial eigenvalues o,<~! are determined by the boundary 
conditions. ki is a non-negative integer label for the basis functions I!,;,,,. We seek the time dependence 
of the expansion coefficients collected according to the power of E. Thk ‘dynamics of the individual ~7’s is 
found with the aid of the projection operator 

The f$,k, are normalization factors (see Appendix). 6,, is the Kronecker delta function. The expansion 
coeffrcrents are collected according to the power of the electric field amplitude 

t?Tinik[ “’ 

ULrll 
=O 

ULWi 
tTZin;k; ‘.’ +Ela~~?l~k~“’ + . . . 

Ll?l 

Coefficients of E in eq. (1) are collected and the resulting equations solved order by order. The ‘u 
coefficients are needed to predict the dielectric relaxation. Only ‘aF “’ (t) is needed to describe the 
dynamic Kerr effect. 
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3. The field on response 

3.1 Zero order terms 

Equation (1) is solved for E = 0. The solution is 

'P(O) =“P(t) =OP(m) = exp - ( y]/jexp[ - ‘Vz+Ju’) d7 (8) 

No zero order coefficient changes with time. However, the zero order coefficients are used in the 
description of the dielectric relaxation and the dynamic Kerr effect, since they are involved in the 
solution for the ‘A’s and the *u’s depend on the ‘a’s. Zero-order expansion coefficients are shown in 
Section A5 of the Appendix. 

3.2 First order terms 

with L=l,m=Oandmi+mjodd 

with L=l,m=Oandk=mi+mjork=mi-m:ork=mi-m, 

with L = 1, m = 1 

with L = 1, m = 1 

with L = 1, m = - 1 
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with L= 1, m= -1 

ij mik:m;k; 

The Z’s and EC and ES are integrals over basis functions, Their definition is found in the Appendix. 
Expressions for the coupling coefficients “V and ‘V are developed in the Appendix. The n appearing in 
the last term (in the superscript of ‘uLm) arises from the dependence of V’ on & and 4j (see Appendix). 
Equation (9) is a set of coupled inhomogeneous linear first order differential equations with constant 
coefficients that can be solved by standard methods [lo]. The solution for a chosen collection of ‘a’s 
(initial condition *a’s = 0) is found by the method of variation of parameters [lo] that requires as input 
the matrix of coefficients of the ‘a’s, the eigenvalues of the matrix, and the column vector of 
inhomogeneous terms (contribution of the ‘a’s). We also solved the system using Runge-Kutta integra- 
tion to identify the significant terms (because of the running indices rn;, rq, ki the kinetic scheme is 
infinite in extent and must be truncated to find a solution). 

3.3 Second order terms-Kerr effect 

To describe the dynamic Kerr effect only 2aii0 is needed. We have 

a2aT “’ 
___ = -64~4f0”’ 

at 

nB1 k’ 
1 

In the absence of contributions of 

2 +4, z CBjAj(1 -exP(hjt)) 

i 

with the solution 

V’ and Y” to the ‘a’s eq. (10) can be written as 

y=exp(-6DLt)xBjAj 
exp(6LI It) - 1 exp[(6D. +hj)t] - 1 

j 60, - 60, +Aj 

(10) 

(11) 

(14 

The Bj are found by inspection from eq. (10) and the Aj and A, are found by analysis of the first order 
terms. With coupling from V’ and V” a more complicated expression results (see below). 

4. Dielectric relaxation 

Although experimental data for monodisperse DNA oligomers are not yet found in the literature, the 
formalism allows a prediction for the dipolar correlation function y that (subject to correction for the 
internal field effect) is related to the complex dielectric permittivity [II]. y is defined by 

<F(O) +(t>> 

y = (P(O) .11(O)) (13) 
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y is related to the field on ‘a(tYs by [17] 

l-y= (14) 

If the terms in “I/ and ‘V were absent in the equations of change for the ‘a’s (as they are for the ‘a,,‘~ in 
eq. lo>, the general form for the evolution of the ‘a’s would be 

d Xk 
- = h,x, + c, 

dt 

with 

A,= - L(L+1)D.+m2(D,,-D.)+D3C I i”, (y t-i*,)] 
The C, are found by inspection of eq. (9) and involve the oa,‘s. The solution of eq. (16) (initial condition 
xk = 0) for the field on case is 

xk= >(exp(lkt) - 1) (17) 
k 

so 

Y= (18) 

The terms in “V and ‘I/ in eq. (9) cause coupling of the ‘a’s and eq. (25) is generalized to 

%= ~A;,Xj+Ck 

i 

(19) 

The Aij and C, are found by inspection of eq. (9). Equation (19) can be solved by the method of 
variation of parameters [lo]. The solution is relatively simple since the A;j and Ck are independent of 
time. A formal solution is 

x(t) = Xexp[(t - s)A’] 
I 

ds I c (20) 
where x is a column vector of the xk, c is a column vector of the C, and exp(tA’) is constructed from the 
eigenvalues (in general complex) of the A’ matrix (A;} and its elements (AijJ [lo]. The (real) solution for 
a chosen x,(t) contains a constant term, and terms in exp(Re A;), exp(Re h;)sin(Im hit), 
exp(Re h’,)cos(Im Ai t 1. Using the parameters found from the analysis of the Kerr effect, we calculated y 
from eq. (14). Ignoring the internal field one can then predict the normalized dielectric loss~[ll]. 

I, 
dy 

(EOtc,) = - omsin Wtxd’ 
/ (21) 
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Fig. 1. Normalized dielectric loss as a function of frequency. (0) present model prediction using parameters obtained via regression 
of dynamic Kerr effect data. C-1 Debye model prediction shifted so the frequencies of maximum loss coincide. 

The result is shown in Fig. 1. The Debye model result (y = exp(-t/r)) is shown for comparison. The 
simulation of the dielectric loss requires values for the three diffusion constants. We used the values 
found by regression (uncoupled case) on experimental data of the dynamic Kerr effect (see below). The 
calculation includes the contribution of coupling and incorporates all modes of appreciable amplitude. 
The Debye curve is positioned so that the frequencies of maximum loss coincide. The simulated data 
reflect the contribution of several modes leading to a broad tail at low frequencies and a lowering of the 
magnitude of the normalized loss at the maximum value. 

5. Kerr effect 

The ‘uir” factor is proportional to the transient electric birefringence. Since the constant of 
proportionality is very uncertain, we normalize to the infinite time response. The relative birefringence is 
obtained using eq. (12) (no coupling version) as 

l-exp(-6D.t) - 6iDi, I [exp(h+)- exP(-6DLt)] 

j 

(22) 

in which j can be considered to be a mode index corresponding to a mode amplitude of 

xj= B,A,/~B~A~ (231 
i 

In the presence of coupling (only ‘a, *, are coupled) eq. (22) becomes 

&) = CXAl -J-j(t)) i 
where the X/ refer to terms having exp(Re $1 in fj. The Xi are the magnitude of y contributed by a 
single term divided by the sum of the magnitudes (t = 03). 

For a mode to influence the transient birefringence significantly, Xi must be comparable to unity. 
Data, y/y(mKexp), for the field on response taken from ref. 1121 are shown in Table 1. Regression to find 
the parameters D I and D, (the surface diffusion constant) gave a sample standard deviation of 0.033 
for the normalized birefringence. The backfit, y/y(mXcondensation), is shown in Table 1. The value of 
D,, scarcely influenced the fit and was not used as a free parameter. Here we fit the same data varying 
D,, D I , and D,, (now D,, is an important parameter as a result of freeing motion in the radial direction) 
and find D I = 1.398 X 105sP1, D,, = 6.401 X lo5 s-i and D, = 4.803 X 10P” m2 s-l with a sample 
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Table 1 

Fit to normalized dynamic Kerr effect data for a DNA oligomer 

Y/Y (4 (exp) Y/Y(=) (model) y/y@) (condensation) time (ps) 

0.006 Oslhl 0.082 0.246 
0.034 0.081 0103 0.293 
0.067 0.124 0.145 0.384 
0.105 0.127 0.148 0.390 
0.132 0.172 0.191 0.480 
0.159 0.174 0.193 0.484 
0.206 0.223 0.239 0.578 
0.250 0.248 0.263 0.627 
0.298 0.274 0.286 0.678 
0.338 0.321 0.329 0.770 
0.379 0.366 0.370 0.862 

0.437 0.410 0.411 0.956 
0.484 0.469 0.466 1.092 

0.545 OS24 0.517 1.230 
cl.599 0.588 0.577 1.409 
0.633 0.618 0.605 1.500 

0.670 0.658 0.643 1.634 
0.711 0.694 0.678 1.769 

0.748 0.735 0.718 1.946 
0.785 0.787 0.769 2.208 

0.822 0.829 0.811 2.470 

0.&19 0.867 0.850 2.773 
0.872 0.893 0.877 3.032 

0.899 0.923 O.YlJY 3.421 

0.919 0.944 0.923 3.808 
0.935 0.958 0.94Y 4.151 

0.945 0.970 0.961 4.537 
0.958 0.979 0.972 4.966 

0.971 0.986 0.981 5.438 
0.984 0.992 0.989 6.165 

standard deviation of 0.026. The backfit is shown as y/y(w)(model). Several alternative fits are shown in 
ref. [17]. 

The calculation was truncated by keeping k = 1, 3 in the k sum in eq, (10) and keeping ki = 1, 2, 3 in 
the k; sum in eq. (10). ‘V and “V do not contribute to the evolution of ‘LZ:~” and their effect on ‘u~:“I 
and *ay~:~l was ignored (at first). Three terms were kept in the expansion of ri in the basis set. One 
could keep more terms at the expense of mathematical labor, but little advantage would result as seen by 
the mode amplitudes Xj listed in Table 2. j = 1 and j = 2 label the first two “z-modes” (k = 1, k = 3) 
and roughly describe the role of the dipole developed by collective motion of the counterions along the 
direction of the cylinder axis. One sees that only the k = 1 mode carries significant amplitude. Similarly 
j = 3, 4, 5 label the first three “$-modes” (k, = 1, 2, 3) and describe the role of the dipole developed by 
moving counterions away from the cylinder surface. Again only the first mode contributes significantly to 
the Kerr effect. Freeing motion in the r-direction allows a previously minor component (j = 3) to play a 
major role. The release of the constraint also improved the quality of fit by reducing the variance by a 
factor of two. The backfit (shown in Table 1 for the uncoupled case> still shows the systematic deviations 
(also found previously [lI>, especially at short times. The residuals are shown in Fig. 2. 
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Table 2 

Dynamic Kerr effect mode amplitudes and rates 

i No coupling 

Xi - A; (SC’) 

Coupling 

Xl r; (SC’) 

1 0.570 2.9468 x lo* 0.429 2.9468 x 10’ 
2 0.008 2.4284 x 10’ 0.006 2.4284 x 10’ 
3 0.388 3.3979 x 10” 0.538 3.8613 x lob 
4 0.044 9.5817~ lo6 0.028 1.35 X lo7 - i3.87 X lo6 
S - 0.010 1.9339 x 10’ - 0.001 1.35 X IO7 + i3.87 X 10” 

Although the quality of fit is improved significantly by removal of the constrant, the model still 
performs poorly at short times. This observation is not particularly surprising since diffusion is a “long 
time” proces. 

Regression was also performed keeping the coupling terms. The variance decreased by an additional 
factor of four but unphysical values were found for the diffusion constants (D,, was negutiue at the 
minimum error point). The mode amplitudes are sensitive to the presence of coupling, but the decay 
rates of the major modes are not. As we see below, the prediction of the mode amplitudes is 
questionable. 

First we examine the quality of fit as reflected in the data of Table 1 and Fig. 1. Although the quality 
of fit is improved by allowing radial motion, both the constrained and unconstrained models perform 
poorly at short times. The actual system response at short times is much slower than predicted by the 
model calculations. Clearly the onset of the process of developing a dipole to produce the torque that 
orients the biopolymer is not described by the forced diffusion equation. 

Another problem in fitting the data of ref. [121 is that the transient electric birefringence experiment 
was performed with 1 nM added salt (a necessity to prevent denaturation), whereas the model 
calculation here is for no added salt. Added salt probably has a large effect on the mode amplitudes. 

The experiment yields a negative birefringence indicating dominance of the z-modes over the 
&modes. The no salt prediction is just the opposite. A clue to this predicament is found in a 
(phenomenological) model calculation by Fixman and Jagannathan [181. This calculation also predicts 

-0.04 I 
o.oc+o Z.Oe-6 4.L-b6 mc-6 

tiMsee) 

Fig, 2. Residuals ( y / y(mXmodel)- y / y(mxexp)) from the backfit to dynamic Kerr effect data. ( +)-fit from ref. ill, and ( 0 ) 
present model (uncoupled case). 
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that, in the absence of added salt, the dominant component of the induced electric dipole moment is 
perpendicular to the long axis of the cylindrical polyion. Fixman’s calculations also predicted that 
addition of simple eIectrolyte would decrease the perpendicular component (more so that the parallel 
component) of the induced moment. At concentrations of about 1 mM (depending on the length of the 
polyion) the parallel component dominates. Thus a comparison of the model and experimental ampli- 
tudes is complicated by the fact that they refer to significantly different conditions. However, the 
relaxation rates are determined by the diffusion constants D,,, D, and D, which are cleanly defined 
and the fitting process will force the response to be on the proper time scale even though the predicted 
shape of the transient electric birefringence exhibits systematic error. In order to obtain a clear 
comparison, the experiment could be done as a function of excess salt and the zero salt limit taken. 

It is appropriate to comment on the magnitude of the model parameters. Regression on the field off 
data yields D I , since (field off) 

Y/Y(~) =em(-6D.t) (25) 

Szabo et al. [12] reported 1.28 X lo5 s-l by fitting digitized data derivived from Fig. 3 of ref. [12], the 
Kirkwood-Auer-Riseman equation [14] gives 1.42 X lo5 s-l, and the equation of Tirado et al. [15] yield 
a value of 1.02 X lo5 s-’ in poorer agreement with the other values. The value of D, found here by 
regression is certainly reasonable. Since D,, did not play much of a role when the calculation involved the 
surface constraint, we made a wild guess and set D,, = lo7 s-l. Certainly D,, is expected to be much 
larger than D I . Regression in the present calcuIation yields a value of D,, about five times that of D I . 
This finding seems acceptable. 0, can be estimated from the sodium ion mobility in water and we 
calculate 1.2 X 10L9 m’s_l. The value found here is less than half that. One might be tempted to argue 
that the sodium ions are moving in a very concentrated electrolyte near the cylinder surface and are thus 
retarded, but we see that the formalism is supposed to account for the polyion-counterion and 
counterion-counterion interactions explicitly. The Kerr effect experiments were don6 in 1 mM added 
salt so, even accounting for nonuniformity in the added salt concentration, a large reduction in D, is not 
expected. The origin of the discrepancy presumably reflects effects left out of the model picture. For 
example specific solvent effects are not incorporated. Perhaps diffusion of counterions in the first few 
hydration layers is slowed by the need to break and make solvent structures. 

Appendix. Mathematical details 

AI. Explicit expressions for contraction involving rhe rotation and gradient operators 

The contractions in the first and third terms on the right-hand side (r.h.s.1 of eq. (1) are most 
conveniently done in Cartesian co-ordinates and the results subsequently expressed in terms of Euler 
angles [7] B and 4 (the third Euler angle is supressed as the tensor D, has spheroidal symmetry). The 
results are well known and appear regularly in the literature [l]. 

i 

1 a ap 1 d2P 
V;DR*VuP=DI - -sin das + -- 

sin d ad sin2d &$’ + (D,,-D,)$ 
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The second and fourth terms do not involve tensors and are easily evaluated by expressing the 
gradient operator V, in cylindrical co-ordinates 141. One finds 

A2. The basis set for the expansion of P 

ia av 
--rip- 
ri ari ari II 

WI 

P4 

It is natural to choose the eigenfunctions of the free diffusion of operators (terms one and two on the 
r.h.s. of eq. 1) subject to the chosen boundary conditions. The allowed eigenfunctions of the operator 
V, . D, .V, are spherical harmonics and 

VU - D, . V,,Y,, = - (L( L + 1)D I +m*( D,, - D I))YLm 645) 

with L = 0, 1, 2, . . . and -L <rn s L. The eigenfunctians of v? are separable in the variables {zi, di, 
ri). As shown before [l], the contribution to the eigenfunctions involving ti and #+ are: cos(mj7rz,/L) 
and exp(in#,>, where m{ is a non-negative integer, and nj an integer. 

The function of ri involves Bessel functions of order nj. The general solution is 

c~~,~L,jk$w,~k:ri) = cfl:,;Jn:(wrz:,;r,) + Dn:k:Y,:(wn:k;ri) (4 

where J and Y are Bessel functions of the first and second kind 161. The (partial) eigenvalues w,,,~, and 
’ ’ the ratios of D to C are determined by the two boundary conditions dP/ar, = 0, ri = rl, r2 

(A’) 

These two equations are solved (numerically) for the allowed o’s and the corresponding D/C ratios. 
One finds 

c nk: -~+,(wnk,!rI) + ~-Ib%~k;~l) = -~+lhkf2) + Y,-1(wnk;r2) 

L can be normalized 

The eigenvalues of the combined eigenfunctions are 

(4 

(A91 

(fw 

Table Al shows some values of w,,~ and Dnk/CRk. 
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Table Al 

Eigenvalues and coefficients of the Bessel functions 

k 

0 

7.383 x 10’ 

1.354 x 10” 

1.966 x 10s 

2.578 x 10” 

3.19DXlP 

3.803 x 10” 

Do, /co, 
0 
7.129~ 1W3 

2.338x 10F2 

4.781 x lW2 

7.948 x 10-2 

1.17sx1n-’ 

1.614X lo-’ 

Ok1 

3.536X 107 

7.083 x 10’ 

1.022x1os 

1.335x 10s 

1.635xlos 

1.947x 10s 

Dlk/Clk 

-1.663x lo-” 

-6.694x W3 

- 1.399x 10-2 

-2.387x 1O-2 

-3.577x 10-l 

-5.062x lo-* 

A3. Expansion of the potential of interaction of the counterions with fixed charges 

Two expressions for V”/k,T are 

V” depends on the distribution of fixed charges in the biopolymer as described by the set irk}. 
Considering short fragments of DNA, two much used models for {TJ (the phosphate charges) are an 
idealized double helix of point charges (radius 1.0 nm, 3.4 nm per turn) or a discrete (or continuous) line 
charge on the cylinder axis. One might expect these apparently very different pictures to give radically 
different results; in fact these two charge distributions look very similar to the counterions. Only terms 
with n = 0 and even m contribute significantly. 

To see the role of n in the expansion, consider a fixed value for r; (1.3 nm say, several values were 
examined). Using the continuous line charge model, there is no dependence of I/” on +i and so only 
terms with n = 0 contribute. Defining (25°C Y, = 1.3 nm, r2 = 52 nm, L = 42.16 nm) 

cm = c C,OkLOk(~Ok’l) 
k=O 

(4 

Values of C, are shown in Table A2 (note that the C’s are inversely proportional to T). 
Adopting the idealized double helical distribution of fixed charges, some n-dependence is found and 

we define 

k=O 

Table A2 

Fixed charge expansion coefficients for counterions contrained to a cylindrical surface 

(A131 

m C,r, C mo Cl,,, C m2 C ,rt4 

0 -2.734x 10’ - 2.734 x 10’ 2.799 x lo-’ 1.604x lo-’ 1.848x lO-3 

1 -1.189x10-5 - 1.187~ lo-’ 0 0 0 

2 3.296 3.162 2.543x 10-s 1.599 x 10-z 1.845 x 1o-3 

3 -9.934x10-” - 9.975 x 10-6 0 0 0 

4 1.530 1.440 2.450 x lo-” 1.580~ 1O-2 1.844X 10-3 

6 9.213x10-’ 8.568x 10-l 2.371 x 10-s 1.556x10-’ 1.830x 1O-3 
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Table A3 

Expansion coefficients for V”/k,T 

k 'IOk c20k CSOk 
0 - 5.397 -2.298~ 10mh 3.561 x10-’ -2.035~10-~ 

1 -5.817 -2.555 x lo-” 9.002 x lo- ’ -1.908~10-~ 

2 - 2.655 -7.336x 1O-7 5.642 x lo- ’ -8.160x IO-’ 

3 - 2.401 -5.145 x 10-7 4.028x 10-l -8.157x10-’ 

4 - 1.500 -5.090x10~’ 2.524 x lo- ’ -5.287 x lo-’ 

5 - 1.428 -3.683x10-’ 1.941 x10-’ -5.276 x 10-7 

6 -9,911x10-’ -3.685x10-’ 1.311x10-’ -3.767 x 10-7 

Values of C,, (for ri = 1.3 nm) are shown in Table A2. Clearly only even values of m or n are needed 
and the n = 0 terms dominate (the same picture emerges for other choices of rI). Since C, and CmO are 
close in value, the line and helical distributions of fixed charges are virtually equivalent for describing 
V”. 

Some values of CmOk are shown in Table A3. These are computed using the discrete line charge 
model. An expression for C,,, is found by taking the expansion of l/I ri - rk I from the literature [6] 
and applying the projection operator to the second and third terms of eq. (All). The result is 

c mOk 

x{( -l)m+’ sin 0 L cos wzk, - sin wzkf + ( - 1)” cos WL sin IUZ,.) 

(Al41 

The (~~0 arc the positions of the n” negative charges on the cylinder axis. 
Terms with odd m are insignificant and m = 0 dominates the m-dependence. However, many values 

of k are needed to describe V”. Convergence as more terms in k are kept can be seen by calculating 
partial sums over k in eq. (A13). Keeping terms up to k = 21 in the sum for C,, yields a partial sum of 
- 24.43 to be compared with the complete sum value of - 27.34. If the partial sums are plotted versus 
l/k a (quadratic) extrapolation to l/k = 0 yields - 27.23. Clearly a large number of basis functions 
involving ri must be kept in the calculation. 

A4. Expansion of rhe potential of interaction of the counterions 

Several expressions for V’k,T are 

v’= $‘4pgg kaT ke;,r.-r., DB I , 

x C’ 
e* 

5 /-dk cos(k(zi-zj)exp(in(~;-dj)I,(kri)K,(kr>) ii 2~2q,kBTn=-m o 
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Table A4 

Expansion coefficients for V’/k,T for m = 0, 1 and 2 (table is symmetric in the indices k, and k,) 

k,/k, 0 1 2 3 4 

m=O 

0 0.00914 0.01387 ~ 0.00363 0.00284 ~ 0.00137 

1 0.00926 0.02328 - 0.00494 0.00586 

2 _ _ 0.00623 0.02402 - 0.00295 

3 _ _ _ 0.00404 0.02571 

4 _ _ _ 0.00466 

0 1 2 3 4 

m=l 

0 0.00253 0.00331 - 0.00084 0.00112 ~ 0.00048 

1 0.00833 0.00874 - 0.00070 0.00277 

2 _ 0.00802 0.01076 - 0.00043 

3 _ 0.00700 0.01184 

4 _ _ 0.00586 

0 1 2 3 4 

m=2 

0 o.ooo94 0.00087 - 0.00033 0.00050 - 0.00022 

1 0.00440 0.00317 - 0.00032 0.00137 

2 _ _ 0.00544 0.00466 - 0.00018 

3 _ _ _ 0.00536 0.00570 

4 _ _ _ 0.00508 

The expansion of l/I ri - rj 1 in the variables (zi, 4i, ri, Zj, rjj, ‘j} appears in the literature [61 and 
leads to the last term in eq. (A15). The projection involving {9il 4jl is trivial and complete projection 
yields 

e2( 2 - a,“)2 m 
R = mnk,kz 

’ 
L%%&,k,T 0 

[l- (-1)” cos ,]lr*dri$/“drj$ 
r1 nk, r~ nk2 

(AW 

Equation (A16) is a tedious straightforward three-dimensional numerical integral. I, and K, are 
modified Bessel functions of the first and second kind, respectively 161. Some RmUkIkz values are shown in 
Table A4. 

In contrast with V” terms with II + 0 must be kept as well. Excepting m = 0 these terms are about 
1/3n of the corresponding n = 0 R’s. 

A5. Initiai values of the expansion coefficients 

To solve eq. (1) we need values for the ka’s at t = 0. Complete dynamical information results from the 
computation of P(t) with the imposition of a static electric field of amplitude E at r = 0. P(O) is given by 

(A171 
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Neither I/” nor V’ depend on 0 or C#I and P(O) is not a function of E so ‘a(O) =2a(O> = * - * = 0 and 
L = m = 0 for all nonvanishing a’s, One could attempt to calculate the “a;;blnlkl “’ (0) by applying the 
projection operator (eq. 6) to eqs. (5) and (A17). This proved to be computationally inefficient. Rather 
the fact that V’ involves painvise interactions (V” singlet interaction) and the (n:} play a minor role in 
I/’ and V” forces the result that terms of the type oa;;blok~m~ok~WO .” (0) dominate. These can be found 
from the singlet and pair distribution functions in the z- and r-co-ordinates. To find the P(*) (and PC’)) 
functions, the Z, c$, r space is divided into cells and the calculated quantities extrapolated to zero cell 
size (infinite grid in the z, $J, r space). A Monte Carlo method employing the Metropolis algorithm [9] 
was used to generate the system configurations for the n” counterions on the three-dimensional grid of 
cells. To make the algorithm more efficient, integer arithmetic was employed. At each step in the 
Metropolis procedure, the number of particles in each z- or r-cell (singlet) or the number of pairs in a 
given pair of cells (pair) were enumerated and a running total kept. Then, at the end of the run, the “n’s 
were calculated. 

0um,ok,m20k2- 
00 

0 00oml~ = 
a00 

The factors r, and r2 appear in eq. (A181 because the grid of cells is linear in r and the cell volume is 
proportional to r. Since the {zi] and (ri) are separable in the basis functions, the m and k indices in the 
a’s behave independently. This means the quartet reduced distribution function Pc4) (z,, z2, r,, r2) 
factors into the product of two P’2”s. The insensitivity of V” to whether the fixed charges have a helical 
or line-axis distribution carries over to the calculation of the “aoo’s. In fact the ‘aoo’s are close in value 
whether the fixed charges are present or absent W” = 0 but with the counterions constrained to the 
surface of the cylinder). The main role of the fixed charges here is to force the counterions to be close to 
the surface of the cylinder. 

There is a considerable “end effect” from 1/” on the distribution functions. The singlet-z distribution 
function, instead of acquiring amplitude at the ends of the cylinder (as a result of counterion repulsions) 
draws in towards the center leaving the ends with amplitude below the average. This is a consequence of 
the fact that counterions in the center of the rod see more of the negative charge distribution. 
Nevertheless, this difference does not manifest itself in the dynamic response to electric fields. A clue to 
this result is that we found previously 181 that the minimum energy configuration for the counterions 
constrained to the surface of a cylinder with dimensions corresponding to DNA in the absence offhed 
charges is a double helix in registry with the (absent) phosphate charges. 

Values of some typical ‘am’s are shown in Table A5 (normalized in the sense of eq. A18). 

Table A5 

Initial values of some expansion coefficients 

“agj?~‘“+“u&)!“‘“= Z(cos(qk., - &} = -4.44x 1o-4 

‘a;r;l?Yzw ml= 0 2 4 6 

m,= 0 I -7.544x 10-z -6.494x lo-’ -5.331x10-2 

t?l,= 1 3 5 7 

ml= 1 -5.66x lo-” 6.20x 1O-4 5.76x 1O-4 5.64x 1O-4 
3 -5.20x10-3 5.86x 1O-4 5.56x 1O-4 
5 _ _ -4.40x 10-j 4.20x 1O-4 
7 _ _ _ -4.28x 1O-3 
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A6. Coupling coefficients for the first order terms 

In the text the role of Y” and V’ in affecting the evolution of the ‘u’s was shown in terms of 
components of matrices “V and ‘V respectively. The matrix coefficients can be obtained by comparing 
the definition with the expression that results from using the projection operator. 

+&Cm,rn:rn[lnl,2nOn,-nk,k,k~ +l:l,fn,-nk,k,k; + z,qfn-tzk k k'] I I, 

A7. Zntegrals over basis functions 

Application of the projection operator leads to the following integrals: 

/ 

L (2 - ami&)) . m:~zi I mPZi miazi 
sm - sm - cos - 

0 L L L L 
d ri = &Smi,lm 

I 
L (2 - %Qo> m)lzi rnPZi mir.zi 

cos - 
L 

cos-cos- 
0 L L L 

d zi = eC,;m:m 

Values of these integrals are shown in Table A6. 
We also generate integrals over Bessel functions. 

pbc 
n-nn'k-kk! = / I, # 

db 
-L %,.k! 

nik%f “kdr; 1 1 

C-421) 

(Aw 

(A231 

Table A6 

Values of trigonometric integrals 

&Co’1 

EC 1 
nmm=2 

EC mkmk.0 = 1 

EC -1 mk.U.mk - 

EC I 
m.2m.m = I 

EC mk.m -mk.m =fm>mk 

EC mkmk mm =fm,>m 
I 

ECmk.mk+m.m = T 

Other cases = 0 

Es,=0 

ESDmm = $ 
ES ml.mk.O = 0 
ES =o mk.O.mk 

I 
ES m.2m.m = 2 
ES mk.m-mk.m =tm>m, 

ES mk.mkbm,m =-im,>m 

ES 1 
mk.mk+m.m = i 

Other cases = 0 
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Some of the I integrals cane be done analytically; others were done numerically using general 
formulas to express the derivatives in terms of the L’s [16]. The integrals have values of the order 
log I= -8(a-1-b-c). 
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